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Abstract 

We propose a topological theory of the Maslov index for lagrangian 
and symplectic paths based on a minimal system of axioms. We re- 
cover, as particular cases, the Hormander and the Robbin-Salomon 
indices. 

1 Introduction 

The theory of the Maslov index has recently found new applications in in- 
tersection theory. 

1.1 General notations 

We essentially use the notations of Leray [15] . Let X = W 1 ; the product 
X x X* is endowed with the canonical symplectic structure defined by: 

u(z,z') = (p,x') - (p',x) 

if z = (x,p), z' = (x',p'). The symplectic group of (X x X*,u) will be 
denoted by Sp(n): we have s € Sp(n) if and only if u(sz, sz') = u>(z, z') for 
all z,z'. The Poincare group iri(Sp(n)) is isomorphic to (Z, +) and Sp(n) 
has thus covering groups Sp q {n) of all orders q = 1,2, oo (Spoo(n) is the 
universal covering group of Sp(n)). The unitary group U(n) is identified 
with a subgroup of Sp(n) by defining the action oiu = A + iBonz = x + p 
by the formula 

x' \ _ f A -B\f x 
p> )~\B A )\p 

We denote by A(n) the Lagrangian Grassmannian of (X x X*,u): t £ 
A(n) if and only if t is an n dimensional subspace of X x X* on which the 



1 



form u vanishes. The manifold A(n) is connected and compact manifold 
and has dimension n(n + l)/2. Its Poincare group 7ri(A(ra)) is isomorphic 
to (Z, +) and A(n) thus has coverings A q (n) of all orders q. Its universal 
covering A 00 (n) is sometimes called the "Maslov bundle". 

The group Sp(n), and hence U(n), acts on A(n). The action of U(n), 
and hence that of Sp(n), is transitive: the orbit of every £ G A(n) under the 
action of Spin) is A(n). 

We shall denote by Sti{n) the stabilizer group of a Lagrangian £ in Sp(n): 

St t (n) = {s£ Sp{n) :s£ = £}. 

One can show (see [U [18]) that the fibration Sp(n)/ Stx*(n) = A(n) 
defines an isomorphism 

Z ^ 7Ti — ► vri [A(n)] = Z 

which is multiplication by 2 on Z. It follows (see [18 1, Theorem 3,3°), p. 36) 
that the action of Sp{n) on A(n) can be lifted to a transitive action of the 
universal covering Sp^n) on the Maslov bundle Aoo(n) such that 

(aSooKoo = /3 2 (*oo4o) = Soo(/3 2 4c) (1) 

for all (sqc^oo) E Spoo{n) xAoo(n) ; a (resp. /?) is the generator of TTi(Sp(n)) 
(resp. 7Ti(A(n))) whose image in Z is +1. 

The Lagrangian Grassmannian A(n) is a stratified manifold; for £ G A 
and k an integer, < k < n, 

A £ (n, fc) = {/ G A(n) : dim(^ n = k] 

is the stratum of A(n) of order A;, relative to the Lagrangian plane £. We 
will also use the following notations: 

A\n;k) = \jA e (k) , A 2 X) (n; k) = 7r -1 (A 2 (A;)) 

that is: 

A 2 (ra; fc) = { {I, £') G A(n) 2 : A\m{£ n = k] 

A^fafc) = {(4c, O e AooH 2 : dim(^nf) = fc} . 

In particular, A 2 x3 (n;0) is the set of pairs (^oo,-^o) of elements of Aoo(n) 
whose projections £ and £' are transversal. One proves (see for instance 
|26j ) that A^(n;0) is an open subset of A(n) and that the Ai(n;k) are, for 
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< k < n, connected submanifolds of A(n), of codimension k(k + l)/2. The 
closed set 

n 

E/ = A(n)\A £ (n;0) = [J A f (fc) 

k=l 

is called the "Maslov cycle relative to £" . It is the set of Lagrangians that 
are not transverse to I. When t = X* we call the Maslov cycle, and 
denote it by S. 

1.2 Cohomological notations 

It will be economical to use the following elementary notations from the 
singular Alexander-Spanier cohomology: let E be a set, k a positive integer 
or 0, and (G, +) an abelian group. We shall call the functions / : E k+1 — > G 
k-cochains on E with values in G (or simply k-cochains, or cochains). The 
coboundary df of a /c-cochain is the (k + l)-cochain defined by: 

fc+i 

df(a ,...,a k+1 ) = f(a ,...,aj,...,a k+1 ), 

3=0 

where the cap " deletes the term it covers. We evidently have that d 2 f = 
for every cochain /. A fc-cochain / is a coboundary if there exists a cochain 
g such that / = dg; a cochain / is a cocycle if df = 0. We thus have that 
every coboundary is a cocycle. 

2 The Keller-Maslov index 

In this section we recall the definition of the Keller-Maslov index (seed [1] 
Q21E1] for a thorough study). 

Using the ideas of Keller [16], Maslov introduced in |21j an index, whose 
definition was clarified by pQ and extended by Leray [T71 [18] and one of the 
authors [7]- (Dazord [5] has given similar results in the more general case 
of symplectic bundles.) The Keller-Maslov index is designed to count the 
number of intersections of a Lagrangian loop 7 with the Maslov cycle X. It 
is defined in the following way. Let W(n, C) be the submanifold of U(n, C) 
consisting of symmetric matrices: 

W{n, C) = {u G U(n, C) : u = u 1 } . 

(u l = (u*)^ 1 the transpose of u). The mapping 

A(n) 3 I = uX* 1 — ► nn* G U{n, C) 
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is a homeomorphism 

A(n) B £ = uX* i — ► uu l e W(n, C) 

The composition of the isomorphism 7Ti(A(n)) = 7Ti(W(n, C)) induced by 
this homeomorphism with the isomorphism 

, lW „, c)) 3 M „_L^ eZ (2) 

is an isomorphism 

ind : 7Ti(A(n)) 9 [7] h=-> ind[7] G (Z,+). 

By definition, The Keller-Maslov index on A(n) is the mapping m that to 
each Lagrangian loop 7 associate the integer: 

-(7) = ind[ 7 ] = — I (3) 

We can easily show that 772(7) is zero m the strata of A(n): 

Ini7 C A£(n; k) ==> 771(7) = 0- 

Let (3 be the generator of 7Ti(A(n)) whose natural image in Z is +1. Its 
Maslov index is 

m(J3) = 1. (4) 

The Keller-Maslov index is an homotopic invariant and in particular 771(7) = 
if 7 is contractible to a point. Furthermore, this index possesses the 
following additivity property: 

777(7 * 7') = "7(7) + 777(7') (5) 

for all consecutive loops 7 and 7' (7 * 7' being the loop 7 followed by the 
loop 7'). 

One should note the difference between the Keller-Maslov index 777 on 
A (77) and the index my of loop on a Lagrangian submanifold Vinlx X* . 
The index my is defined in the following way: Let £(■) be the continuous 
mapping that to each z G V associates the tangent space at z : i{z) = T Z V. 
This mapping associated to each loop in V a loop 7 in A(n), and by 
definition: 

my(j v ) = 777(7). (6) 
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Souriau proved in [25] that 

m v(lv) i s an even integer when the manifold V is oriented. (7) 

In fact, we have the more precise result (see de Gosson [8]). In what follows 
we denote by A 2g (n) the connected 2g-fold covering of A(n), q = 1, 2, ...). 

Proposition 1 Suppose that the mapping £{■) : V — > A(n) is lifted to a 
continuous mapping ^2g(") : ^ — * ^2q{ n ). Then 

m v(lv) = mod2g 

/or every loop 7y m y. 

Note that if £{■) is lifted to a continuous mapping ^oo(') : V — ► Aoo(n) 
we have m^jy) = for every loop "fy in V since the universal covering 
Aoo(^) is simply connected. 

3 Definition of the indices /i A and /i s 

Let C(A(n)) be the set of continuous paths [0, 1] — > A(n). If A and A' are 
two consecutive paths (i.e., if A(l) = A'(0)) we shall denote A * A' the path 
A followed by the path A': 



A * A'(i) 



A(2t) i/ < t < ± 
X'(2t - 1) if \ < t < 1. 



We denote by A 1 the inverse of the path A : A _1 (i) = A(l - t). Finally, 
we shall write A ~ A' when the paths A and A' are homotopic with fixed 
endpoints. 

3.1 Axioms for the indices /i A 

Definition 2 A "Lagrangian intersection index" is a mapping 

fi A : C(A(n)) x A(n) 9 (A,f) — /i A (n)(M) G Z 
having the following four properties: 

(Li) homotopic invariance: If the paths A and A' in A(n) /iGroe the same 
endpoints, then fj,^(X,£) = fj,^(X',£) if and only if X ~ A'; 
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(L2) Additivity under composition: If X and X' are two consecutive paths, 
then for all I G A(n): 

H A (\*\',£) = n A (X,l)+fJ, A (\',l) 

(L3) Zero in the stratum. If the path X remains in the same stratum 
Ai(n;k), then fi A (X,£) is zero, i.e., 

dim X(t) D£ = k (0<t<l)^> fj, A (X, £) = 0. 

(L4) Restriction to loops. If 7 is a loop, then f^ A ('J,£) = 2m (7) (771(7) the 
Maslov index of 7J /or a/i £. 

fVFe shall see in \ 6.1\ that the condition fi A (j,£) = 2m(j), and not 
MaCTj-O = m (7); * s necessary for an index satisfying the axioms (L\- 
L3) to be an integer) 

We note in particular that the axioms (L2) and (L4) imply that the index 
is antisymmetric, i.e. , 

MA (A-V) = -/x A (A,£). (8) 

Indeed, by (L2) we have 

/ i A(n) (A * A" 1 , f) = /i A(n) (A, I) + fl A{n) (A -1 ,^) 

but since the loop A*A _1 = 7 is homotopic to a point the axiom (L4) implies 
that 

/^A(n)(A*A- 1 ,£) =2m( 7 ) = 0. 

The system of axioms (Li)— (L4) is in fact equivalent to the system of 
axioms obtained by replacing (Li) by an apparently stronger condition (L' x ) 
we are going to describe below. Let us first define the notion of "homotopy 
in strata": 

Definition 3 Two Lagrangian paths X and X' are said to be "homotopic in 
the strata relative to I" (denoted X ~^ A ) if there exits a continuous mapping 
h : [0, 1] x [0, 1] — ► A(n) such that 

h(t, 0) = X(t) , h(t, 1) = A'(i) for 0<t<l 

and two integers ko,k\ (0 < ko, k\ < n) such that 

h(0, s) G A^(n; ko) and h(l, s) G A^(n; k±) for < s < 1. 
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The intersection indices fi A have the following property that makes (Li) 
more precise: 

Proposition 4 

(L^) If the paths X and X' are homotopic in strata relative to £, then fJ> A (X, t) = 
fi A (X',£), i.e. , 

a«<a'=> Ma (a,*) = ma(aV)- (9) 

Proof. Suppose that A «g A' and define the paths Eq and e\ joining A'(0) to 
A(0) and A(l) to A'(l), respectively, by sq(s) = /i(0, 1 — s) and £i(s) = h(l, s) 
(0 < s < 1). Then A * £\ * A /_1 * £q is homotopic to a point, and hence, in 
view of (L2) and (L4): 

MV) +fi A (ei,£) +fi A (X'-\£) +fi A (e ,£) = 0. 

But, in view of (L3) 

Ma( £ i>^) = Ma( £ 0,^) = 

and thus 

ti A (X,£)+ f i A (X'~\t) = 
hence fi A (X,£) = n A (X',£) in view of dSJ). ■ 

3.2 A property of relative uniqueness 

The axioms (L1-L4) do not guaranty the uniqueness of an intersection index. 
Indeed, if fi A is such an index, then the function ^' A i n \ ■ C(A(n)) xA(n) — * Z 
defined by 

/4(A, I) = /i(A, I) + dim(A(l) fl I) - dim(A(0) D £) 

is also an intersection index. We will prove in this section a result of "relative 
uniqueness" modulo a 1-cochain. 

Let us introduce the following notations: for every pair of points (£i,£j) 
of A(n) we denote Ay or A^- an arbitrary element of C(A(n)) joining £i to 
£j. The opposite path A,^ 1 of A^- will then be denoted Xji. Using these 
notations we can formulate a theorem relating all intersection indices to one 
another. That is, show that there exists some function allowing us to relate 
one intersection index to another, thereby giving us a relative uniqueness 
theorem for intersection indices. 
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Theorem 5 Let /x A and /i' A be two intersection indices on A(n). For every 
I € A(n) there exists a function f : N — ► Z sitc/i i/tafc 

M A (W) - Ma( W) = /(dim(4 n £)) - /(dim(4 n £)). (10) 

To prove this fact we have to make sure that the left-hand side of (|10|) 
does not depend on anything else than 4,4 (and of course £). We have the 
essential 

Lemma 6 fort fixed, the difference /U A (Aoi, £) — fJ,' A (Xoi,£) depends only on 
(4,4), and the 1-cochain 5i on A(n) given by: 

Se(£ ,£i) =Ma(Aoi,^)-/4(W) (11) 
is an antisymmetric cocycle: 

3^(4,4,4) = and 5,(4,4) = -<M4,4) (12) 
for all (4,4,4) G A(n) 3 . 

Proof of the lemma. Suppose that we replace the path Aoi with another 

path Aqi joining 4 to l\. Then, there exists a loop 7 X passing by £\ and 
such that Aqi ~ Aqi * 7i and we have, by the axioms (Li) and (L4): 

Ma(A'oi,^) = v A (\oi,£) + 2m(7 x ) 
MA (A / 01 ^)=/x A (A i^) + 2m( 7l ) 

Hence, the difference 

H A (X' 01 ,£) - v' A (\' 01 ,£) = v A (\oi,£) - Ma(Aoi,^) = M4,4) 

depends only on 4 an d 4 (and £). We now show that the coboundary of 
that 1-cochain is zero: 85^ = 0. Let (4,4,4) be an arbitrary triple of 
points in A(n). By the properties (L2) and (L4) we see that 

Ma( a oi,^) - Ma(Ao2,4" +^a( A 12,^) = 2 ™(7o) ^ 
fi' A (X 01 ,£)-fi' A (X 02 ,£) + fi' A (Xi2,£) = 2m( l0 ) 

where 7 = Aoi * A12 * A20 is a loop with origin 4- Substracting the second 
equality (|13|) from the first and using the definition of bi we obtain: 

dS e (£ ,£ 1 ,£ 2 ) = 0. 
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The antisymmetry of 8e is an immediate consequence of 0. ■ 
Proof of the theorem. (1) By the definition of 5i we have 

/J, A (X i,£) ~ Va(Xoi,£) = St(£o,£i). 

Since 5t is a cocycle this equality can be written as 

Ma(Aoi,^) -At A (Aoi^) = S e (£ ,£) - S e (h,£). 

We shall show that the 0-cochain £q i — > 5e(£o,£) is constant in each stratum 
Ai(n; k) and the theorem will follow. We see, by the definition of 5( that 

5 e (£ ,e) = f i A (x,e)-fi' A (\,£) 

where A is an arbitrary path joining £q to £ in A(n). Let A be a path joining 
£q to £' in Ai(n; k). Then 

6e(£' ,£)=fi A (\'*\,£)- f i' A (\'*\,£) 
and in view of the additivity property (L2) 

S e (£' ,i) = /^a(A', £) - /4(A', £) + 5i(£ , £). 
But, by the axiom (L3) 

and we thus have 5e(£' ,£) = S((£q,£), from which we conclude that the 
mapping £q i — * 8^{£q,£) is constant in the stratum A((n;k). ■ 

3.3 The signature cocycle 

We now present an interesting result that will generalize the axiom (Li) and 
that will enable us to give a notion of signature for every triple of elements 
of elements in A(n). 

Lemma 7 Let £q, £\, £2 be three elements of A(n). Suppose that the paths 
Xij and X'tj (0 < i,j < 2) are such that 

A01 * A 12 * A 2 o ~ Aqi * A' 12 * A' 20 . (14) 

Then both sums 

£ = Ma(Aoi,4) +Ma(Ai2,4) + Ma(A20,^i) 

and 

s ' = Ma(Aoi,4) + A*a(*'i2»4>) + A*a(^20i^i) 
are equal: £ = Furthermore, £ does no£ depend on the choice of fj, A . 
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Proof. There exist loops 7J, 7q and 79 passing through £q such that 

X' Q1 ~ 7q * A i 
< A' 12 ~ A10 * 7o * ^01 * A12 • 
A 20 ~ A 2 o * 7o 

In view of (JT3J) and the properties (Li) and (L4) we obtain 

Y,' = Y 1 + 2{m{ 1 l)+m{ 1 l)+m{ 1 l)) 
= S + 2m( 7 J*7g*7i]). 

But (HH) implies that 7o * 7o * 7o ~ and hence that // A (n) (To * To * To) = *-* 
and £' = S. It remains to prove that S is independent of the choice of index 
MA(n)- ^ MA(n) ^ s an °ther intersection index and £' the associated sum the 
relative uniqueness theorem [5] tells us that 

S - £' = /(dim(£ n 4)) - /(dim^i D £ 2 )) + /(dim(^ n 4)) 

- /(dim(4 n £ )) + /(dfm(£ 2 n 4)) - /(dim(4 n h)) 

that is: £ - £' = 0. ■ 

This result motivates the following definition 

Definition 8 Lei (Ah 4, 4) £ A(n) 3 and A01, A12, A20 be elements of C 
(A(n)) such that A01 * A12 * A20 be homotopic to a point. The sum 

sign(4,4,4) = ^(Aoi,^) +// A (Ai2,4) + ^a(A20,^i) (15) 

is called the signature of the triple (^0,^1,^2)- ?%is signature is independent 
of the choice of intersection index fi A on A(n). 

Remark 9 In Section \4-S\ we will show that sign is just the Demazure- 
Kashiwara signature r \20^ ) arising in symplectic geometry. 

By ([8]), the signature is an antisymmetric 2-cochain 

sign(4(0),4(i),4(2)) = {-l) S9n{£) signal,**) 

for every permutation e of {0, 1,2}. Furthermore, it possesses the following 
essential property 
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Proposition 10 The signature is a 2-cocycle: 

dsign(4,4,4,4) = (16) 

that is 

sign(4,4,4)-sign(4,4,4) 

+ sign(4 , l x , 4) - sign(4 , l x ,£ 2 ) = . 
Proof. By the definition of the coboundary operator d we have 

8 sign (4,4,4,4) = sign(4 ,4,4)- sign(4 ,4,4) 

+ sign(4,4,4) -sign(£ ,4,4) 

and a calculation making use of ([8]) and the axiom (L2) gives us 

dsign(4,4,4,4) = 

MA(n)(7l,4) + MA(n)(72,^l) +MA(n)(73>4) +MA(n)(74,4) 

where 7 X = 7 12 * 7 20 * 7 01 , 7 2 = 7 23 * 7 30 * 7 02 , 73 = j 31 * j w * 7 03 and 
74 = 732 * 721 * 7i3 are lo °P) nence b y ( L 4) 

<9sign(4,4,4,4) = 2(771(7!) + "1(72) + m (73) + m (73))- 

The loops 7 1; 7 2 , 73 and 74 being contractible to a point, the Maslov indices 
of this loops are zero and thereby d sign = 0. ■ 

3.4 The indices n Sp 

We shall denote by C(Sp(n)) the set of continuous paths [0, 1] — > Sp(n). 
Definition 11 ^4 symplectic intersection index is a mapping 
fi Sp : C(Sp(n)) x A(n) 3 (a,£) ,— > fi Sp (X,£) G Z 
satisfying the following four axioms: 

(51) Homotopic invariance. If the symplectic paths a and a' are homotopic 
with fixed endpoints, then n Sp (a,£) = fi s Ja',£) for all £ £ A(n). 

(5 2 ) Additivity by concatenation. If a and a' are two consecutive symplectic 
paths, and if a * a' is the path a followed by the path a' then 

fi Sp (a * a', £) = fi Sp (a, £) + fi Sp (a', I) 

for all t G A(n). 
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(53) Zero in the stratum. If a and £ are such that lm(a£) C A(n)^, then 

(54) Restriction to loops. Ifip is a loop in Sp, then (i Sp (i{j,£) = 2m(tp£) for 
all £ G A(n). 

As the homotopy axiom (Li) for the Lagrangian indices that may be 
replaced by an axiom (L' x ) of homotopy in the strata the axiom (Si) above 
may be strengthened by the following statement 

(S^) If the symplectic paths a and a 1 are such that a£ and a' £ are homotopic 
in strata relative to £, then fj, Sp (a,£) = fx Sp (a',£). 

The proof of this is identical to that of (L^). What is noteworthy is 
that the data of an intersection index on A(n) is equivalent to that of an 
intersection index on Spin). Indeed, let /U^ be an intersection index on A(n) 
and let a G C(Sp(n)) be a symplectic path. Then then function 

C{Sp{n)) x A(n) 3 (a,£) 1 — ► n{a£,£) G Z (17) 

[c£ being the path t 1 — ► o~(t)£) is an intersection index on Sp(n). 

Conversely, to each intersection index fi s we may associate an intersec- 
tion index /x^(n) 011 A(n) in the following way. To each £ G A(n) we have a 
fibration 

Sp(n) — ► Sp/St{£) = A(n) 

(St(£) being the stabilizer of £ in Sp), hence, every path A G C(A(n)) can 
be lifted to a path a G C{Sp{n)) such that A = <r£. One verifies that the 
mapping 

Ma ( „) = C(A(n)) x A(n) 9 (A, £) ^ ^ Sp (a, QeZ (18) 

defines an intersection index on the manifold A(n). 

As in the Lagrangian case, we have a relative uniqueness result for the 
symplectic path intersection indices 

Corollary 12 Let [i Sp and (i' Sp be two symplectic intersection indices. There 
exists a function f such that 

VSp(°,Z) =A*'s P (<M)+ 

/(dim(<r(0)^ n £)) - /(dim((j(0)£ n £)). 

Proof. It is a direct consequence of the relative uniqueness theorem for 
Lagrangian intersection indices. ■ 
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4 The indices /i^ on Aoo(n) 

We shall in this section use the same notations as in the previous one for 
paths joining some point £i to another point £j in A(n). Recall that A^n) 
denotes the universal covering of A(n). We are going to use the intersection 
index for Lagrangian paths to define an index fi^ : A OC) (n) x A 00 (n) — > Z. 

4.1 The definition of fi^ 

To each Lagrangian intersection index fj,^ we may associate a 1-cochain fi^ 
on the universal covering tt : Aoo(n) — > A(n) in the following way. We 
choose once and for all a base point £q for A(n). The elements of A QO (n) are 
then homotopy classes with fixed endpoints of continuous paths of origin £q 
in A(n). The projection tt from Aoo(^) onto A(n) is defined by vr(£oo) = £ if 
too is the homotopy class of a path A joining £q to £. 

Definition 13 The Leray index associated to fj,^ is the 1-cochain /i^ on 
A OG (n) defined by 

Moo(4,oo,4,oc) = -MA( n )(Ai2,4) + sign(4,4,£ 2 ) (19) 

where £\ t00 and £2,00 are the homotopy classes of the paths A01 and A02, 
respectively, and A12 ~ Aio*Ao2- Aiso, sign zs the signature cocycle associated 
to fi A , as defined in Subsection \3.3[ 

Note that the Leray indices are antisymmetric 

Moo (£l,oo, 4,oo) = "Moo (4,oo, 4,oo) (20) 

for all (^1,00,^2,00) £ M n )oo ™ y i ew °f ® and the fact that sign is antisym- 
metric. 

By theorem [5] and the fact that the definition of the signature cocycle is 
intrinsic, two Leray indices //^ and //^ associated to two intersection indices 
fj,/^ and are such that 

Moo (4,oo,4,oo) - Moo (4 ,00 , 4,oo 

) = /(dim(4 n £ )) - /(dim(£i n £ )) 

for some function / : N — > 7L. 

The Leray indices have the following properties 

Proposition 14 (1) The coboundary of fi,^ descends to A(n), i.e. , dfj,^ = 
tt* sign. That is, 

Moo (4,oo, 4,oo) — Moo (4,oo,4,oo) + Moo (4,oo, 4,oo) = signal, 4, 4) (21) 
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for all (4,oo,4,oo,4,oo) G Aoo(n) 3 ; 

T/ie action of 7Ti(A(n)) on Moo is given by 

Moo(7l4,oo,724,oo) = Moo(4 ,00 j 4,oo ) + 2(m( 7l )-m( 72 )) (22) 
/or a// 7 1; 7 2 G vri(A(n)). 

Proof, (%) By the definition (fl~9|) of ^00 we have 

Moo (4,oo, 4,oo) - Moo (4,oo, 4,oo) + Moo (4,oo, 4,oo) = 

- (Ma(Ai2,4) - Ma(^13,4) + Ma(^23,4)) + 

sign(4, 4,4) - sign(4, 4,4) + sign(4, 4, 4)- 

Formula (|2ip follows: by the axioms (L 2 ) and (L4), and taking into con- 
sideration the fact that 73 = A31 * A12 * A23 is homotopic to a point, we 
have 

MaGVl2,4) -Ma(^13,4) +Ma(^23,4) = 2m(7 3 ) = 0. 
By the cocycle property of sign this yields 

sign(4,4,4) -sign(4,4,4) +sign(4,4,4) = sign(4, 4, 4)- 
(2) In view of the antisymmetry of it suffices to show that 

Moo(t4,oo, 4,oo) = Moo (4,oo, 4,oo) + 2m( 7 ) (23) 

for all 7 € 7i"i(A(n)). Let 7 be a loop with origin 4- If ^oi is & representative 
of 4,oo, then 7 * Aoiis a representative of 74,00 an d, by the definition of /i^ 

Moo (74,oo, 4,oo) = -Ma(^io * 7 * A 2,4) +sign(4,4,4) 
= -/i A (Aio * A 2,4) - 2m(7) + sign(4,4,4) 
= Moo (4,oo, 4,oo) + 2m( 7 ). 

Formula f|23|) then follows by the definition of the Maslov index. ■ 

It is noteworthy that, conversely, the datum of a 1-cochain fi^ on Aoo(n) 
satisfying the property ([22]) above together with a simple topological prop- 
erty, enables us to construct an index, and by theorem all the Lagrangian 
intersection indices (and hence all symplectic intersection indices). 

Theorem 15 Let fi^ be a 1-cochain on A(n) having the property Ii2ty) . and 
being locally constant on each of the sets A 00 (n;/c) (0 < k < n) defined in 
Subsection \ For (Ai2,4 £ C(A(n)) x A(n) let us define 4o> 4 00 an d 
4,oo in the following way: 



14 



1. loo is an arbitrary element of Aoo(n) covering I. 

2- iioo is the equivalence class of an arbitrary path Aoi € C(A(n)) joining 
£ to it. 

3. (.2,00 is the equivalence class of A02 = Aoi * A12 . 
Then the formula 

H A (\l2,£) = Moc(^2,oo,4c) - Moo(4,oo,4o) (24) 

defines an intersection index. In particular we have d^i^ = tt* sign. 

Proof. That /i A ( n )(^i2> £) is independent of the choice of the element 
of the universal covering Aoo(n) covering £ follows immediately from (|22p . 
Indeed, if l'^ covers £ then there exists an element 7 G 7Ti(A(n)) such that 
I'oq = 7^00 and hence 

f ^oo(^2,oo,0 = Moo (^2,00, 4o) - 2m(j) 
\ Moo (^1,00, = Moo (^1,00, 4o)- 2m(7) 

and consequently 

Moo(^2,ooi ^00) ~~ Moo(^l,oo; ^l,oo) = Moo(^2,ooj ^oo) ~~ Moo(^l,ooi ^oo)- 

Let us show that /z A (Ai2,^) is also independent of the choice of Aoi and 
thereby of the choice of the element l\ t00 covering £\. We replace Aoi by 
some path A 01 and denote £\ ^ the element of Aoo(n) it defines. Then, there 
exists an element 7 of 7Ti(A(n)) such that £[ ^ = 7^1,00; ^2,00 will thus be 
replaced by £' 2 ^ = 7^2,00- Using once again ([22]) we have 

Moo (^2,ooi ^00) — Moo (^l,oo' ^00) = Moo (^2,oo > ^00) ~~ Moo (^l,oo> ^00) • 

It remains to prove that the function ^ defined by (|24p satisfies the axioms 
(L1HL4). 

(Li) Let us replace the path A12 by any path A' 12 homotopic (with fixed 
endpoints) to A12. Then A02 = Aoi * A 12 is replaced by a homotopic 
path A' 2 = Aoi * A' 12 and the homotopy class ^2,00 does not change. 
Consequently, Ma(^'i2>^) = Ma (^12,^)- 
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(L2) Consider two consecutive paths A12 and A23. The index fi A (\23,£) is 
given by 

Ma(^23,0 = Moo(4,oo,4o) -/^oo^oo^oo) 

where £' 2 ^ is the homotopy class of an arbitrary path X' 02 and ^3 )O0 
that of Aq 2 * A23. Let us choose Aq 2 = Ao2- Then £' 2 ^ = £2,00 and we 
obtain 

Ma(Ai2,^) + MA 2 3,^) = Moo (4 ,00 ) ^00 ) - Moo(^l .00 ) ^00) 

+ Moc(4 ,ooj^oo) ^00(^2,005^00) 

that is, 

/i A (Ai 2) ^) + /x A (A 23 , £) = /i A (Ai 3 , £). 

(L3) Let A12 be a path in the strata Ai(n; k) and denote £oo(t) the equiva- 
lence class of A01 * Ai2(t)- The mapping 1 1 — > ^oo(^) being continuous, 
the composition mapping t 1 — ► /x^ (Ax>(i)jA») is locally constant on 
the interval [0, 1]. It follows that it is constant on the same interval 
since A^(n; k) is connected. Its values is 

/ioo(4o(0),4o) = ^(^00(1)^00) 

whereof //(Ai2,^) = 0. 
(L4) Let 7 € 7Ti(A(n),£o)- in view of (|22p we have the equality 

Ma (7,^) = Moo (74,oo, 4o) - Moo (4,00, 4o) = 2m(7). 

■ 

The following result allows us to compare the indices £) and £') 
corresponding to different choices of Lagrangians £ and £'. 

Proposition 16 For all A12 G C(A(n)) and G A(n) 2 we have 

fi A (X 12 ,£) - fi A (Xi2,£') = sign(£ 2 , £,£')- signihjj') (25) 

Proof. Considering the notations of theorem [15] we have 

Ma (^12,0 - Ma( a 12,0 = 

Moo (^2,oo; ^oo ) "Moo (^ ,00 5 -^OO ) - (Moo(^l,oo,4o) - Moo(^l ,001 ^00) 

that is, in view of (I2ip 

Ma(^12,^) - Ma(^12,0 = 

-Moo(^oo,4,) +sign(€ 2 ,AO - (-Moo(^oo,C) + signal, 
from which (I25|) immediately follows. ■ 
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4.2 Construction of the canonical index jj,^ 

A consequence of the relative uniqueness theorem [S] is that all Lagrangian 
intersection indices will be known from the moment we have determined one 
of them, and it follows from theorem [TBI that it suffices for that to construct 
a Leray index. 

Using the intersection theory of Lefschetz chains, Leray has constructed 
in [H] (Ch.I, §2.5) a function 

m : A(n&(0) = {(4,oc,4,°o) = h H h = 0} — » Z 

such that 

"i(^i j00 ,£ 2 ,oo) - ^(4,oo,4,oo) + m(£ 2 ,oo,4,oo) = Inert(4,^ 2 ,4) (26) 

where Inert {£\, £2, £3) is the index of inertia of the Lagrangian triple (^1,^2,^3)- 
This index of inertia is defined in the following way. The transversality con- 
dition 

l x n £ 2 = £2 n £3 = h n £ x = o 

being equivalent to 

the relation z\ + Z2 + Z3 = (zi & £1, Z2 £ £2, Z3 € £3) defines three quadratic 
forms 

zi 1 — ► o;(z 2 , 23) , z 2 1 — ► ^(2:3, zi) , z 3 1 — > u(z 1 ,z 2 ) (27) 

such that 

u(z 2 , Z3) = uj(z 3 , zi) = lu(z 1 ,z 2 ). 

These quadratic forms have the same index of inertia and this index is 
precisely Inert (£1, £2, £3). 

The function m (which Leray calls "Maslov index") can be computed 
using the following formula, due to Souriau [23] : 

I ft 

m(£ 1}00 ,£ 2 ,oo) = ^ [e l -e 2 + iTrLog(-w 1 (w2- 1 ))] + - (28) 

where £i j00 and ^2,00 are identified with (wi,9i) and (102,^2), respectively 
(see [2]). Note that 

dim(^i n £2) = corang(u?i — W2) (29) 
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(it is the multiplicity of the eigenvalue +1 of w\(w 2 ))• The logarithm (|28p 
is defined , for every matrix u that has not the eigenvalue —1, by the formula 

Log(n) = f° ({M-uy 1 - (A- l)" 1 /) dX 

and hence Logwifa^ 1 ) is well-defined since in view of (|29|) 
4 n £ 2 = det(u>i - w 2 ) + 0, 

that is 

+1 is not an eigenvalue of u^u^ 1 ). 
The function m possesses the following properties: 

Proposition 17 (1) m is locally constant on its domain 

AL(^; 0) = {(^1,00,^2,00) : h n £ 2 = 0} ; 
(2) The action of iri(A(n)) on m is given by 

"i(7i4,oo, 72^2,00) = m(h ,00 j ^2,00 ) +m(7!) -m(7 2 ). (30) 

Proof. (1): Souriaus' formula (|28p shows that m is continuous and hence 
locally constant (it takes its values in a discrete space). (2): To prove the 
equality (|30p we first note that 7ri(A(ra)) = TTi(W(n)) can be identified with 
the group 

G = {(I,2hr) :k£Z} 

acting on Woo(ra) by 

(I,2krc)(w,6) = (w,6 + 2kir). 

Under this identification, the generator (3 of 7ri(A(n)) defined in Proposition 
[5] is identified with (I,2ir). For all 7 G 7Ti(A(n)) there exists an integer k 
such that 7 = and hence 

74o = k £oo = (w, 9 + 2k7r) if i 0O = (w,e). 
In view of the definition (|28p of m we thus obtain 

"1(7^1,00,7^2,00) = rn(p kl £i )00 ,(3 k H 2 ,oo) - m(£ 1>00 , £ 2)!XJ ) 

= — [2/civr - 2/c 2 tt] 
2ir 

= ki - k 2 
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hence (j30|) in view of the formulae ((3]) and ([5]). ■ 

Let us now set 

r = 2Inert-n. (31) 
We have the important relation 

T(h,£ 2 ,h)=T + -T- (32) 

where r+ (resp. r~) is the number of > (resp. < 0) eigenvalues of the 
quadratic form 

Q(zi,z 2 , z 3 ) = lo{zi,z 2 ) + u(z 2 , z 3 ) + u(z 3 , Z\) (33) 

(see (see [7]). It follows that r is the signature of Demazure-Kashiwara (see 
[6j [19l E0] ) • It is defined on all triples (^1,^2,^3), which is not the case for 
Inert as seen above. 

Remark 18 The function r is often called "Maslov index", or "trilateral 
Maslov index" in the literature (for instance in ^ and 120^ ). We will not 
use this terminology. 

The signature of Demazure-Kashiwara has the following properties (see 
Libermann-Marle [19] or Lion-Vergne |20j : in Capell et al. [I] one can find 
other interesting properties). 

Proposition 19 We have: 

(1) t € C% nt (A(n), 1) Sp , i.e. , r is a 2-cocycle, totally antisymmetric and 
Sp(n) -invariant : 

d T = ,s*t = (-l) s f^) r > s*t = t (34) 
(e all permutation o/{l,2,3}, s G Sp). 

(2) t is locally constant on the sets 

{(•M 2 ,4) : dim(4 n £2) = A*, dim(£i n 40 = k 2 ,dim(£ 1 n£ 2 ) = k 3 } 

(3) Let A a symmetric matrix of order n and £a the Lagrangian with 
equation p = Ax. We have 

T(X*,l A ,X) = signA (35) 

where signj4 is the difference between the number of eigenvalues > 
and < of A. 
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Let us now set 



Moo(4,oo,4,oo) = 2m(^i i00 ,£2,oo) 



— n 



(36) 



that is, in view of ()28[) 



£oo(4,oo,4,oo) = - [#1 -02 + iTrLogi-w^Wz 1 ))} . 

IT 

For (^l oo, ^2,00) ^ ^-oo( n ) 2 let us choose ^3 i00 £ A(n)oo such that 



(37) 



(38) 



and define 

£oo(4,oo,^2,oo) = £00(4,00,4,00) - £oo(4,oo,4,oo) + t-(4,4,4)- (39) 

We can verify, using the cocycle property of r that 

(1) The right-hand side of ([39]) does not depend on the choice of £3^ 
such that we have ([38]) . which justifies the notation £oo(4,oo)4,oo) (see [7J 
where p^ is denoted by fi). 

(2) We have dp^ = tt*t, i.e., 

£oo(4,oo, 4,oo) - £oo(4,oo, 4,oo) + £oo(4,oo, 4,oo) = r(4, 4, 4) (40) 
for all (^1,00, 4oo, 4,oo) e Aoo(^) 3 - 

Definition 20 PFe to/Z call p^ the "canonical Leray index" and the La- 
grangian and symplectic intersection indices associated to p^ will be call 
the "canonical intersection indices". These will be denoted p^ and pg p , 
respectively. 

The following theorem will show that p^ is indeed a Leray index. 

Theorem 21 The function p^ defined by t39\) is the unique 1-cochain on 
Aoo(n) having the following two properties: 




00 



(n;k). 



Furthermore, this 1-cochain has the following property: 



20 



(3) The action o/?ri(A(n)) on fj,^ is given by 

Moo l,oo> 72^2,oo) — Moo(4,oo> 4,00 

) + 2(m( 7l )-m( 72 )). (41) 

Proof. Let us begin by showing that there exists at most one 1-cochain /i m 
having the properties (1) and (2). To do so, let us denote by v the difference 
p,^ — fi'sc between two cochains having the stated properties. In this case 

^(^1,00,^2,00) = ^(4,00,^3,00) - K4,oo,4,oo)- 

for all (^1,00 j ^2,00, ^3,00) • We choose 4 in such a way that 4n4 = 4n4 = 0. 
In view of the definition of v and the axiom (L3), z^(4,oo,4,oo) will remain 
constant in connected neighborhoods of 4, 00 an d 4,oo- The function v 
is thereby locally constant on Aoo(n) 2 . But this space is connected, and 
having realized this we conclude that v is in fact constant. Also choosing 
£\,ao = 4, 00 we find that the values of v is zero, and hence that Moo = Moo- 
That [1^ possesses property (1) is clear from its construction. Let us 
therefore concentrate on the proof of property (2). Suppose first that k = 0. 
In view of the Souriau formula (j28H and definition (|36l) . the function Moo is 
continuous on A 2 x3 (/c) and is thereby locally constant since Moo takes discrete 
values. For arbitrary k, it is enough to choose 4 transversal to £\ and £2 in 
([39]) in such a way that Moo(4,oo, 4,oo) and Moo(4,oo, 4,oo) remain constant, 
and to apply the property (2) of r in Proposition [I9j Let us finally show that 
^oo has property (3). Choosing once more £3 such that £\ n4 = I2 fl4 = 0, 
we find that in view of (|39j) and the fact that for all 7 G 717 (A(n)) the element 
7^00 has the same projection £ as ^00 

Moo (7l^l,oo, 72^2,oo) = Moo(7l^ 1,00, 4, 00) 

- Moo (72^2,00, 4,oo) + r(4,4,4)- 
By (|30p and the definition (|36[) of Moo in the transversal case, we obtain 

Moo(7l^ l,oo, 4,oo) — MoO (4,oo,^2,oo) + 2m(7!) 
Moo (724,oo, 4,oo) = Moo (4,oo, 4,oo) + 2m(7 2 ) 

and dHJ) follows. ■ 

We point out the fact that Theorem 1211 also shows that: 

Corollary 22 The Demazure-Kashiwara index is identical to the signature 
cocycle, i.e., r = sign. 

Proof. This is clear since /ioo is a Leray index, so <9Moo = s i§ n > an d since 
we also have 9m 00 = r - ■ 
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5 Further properties of the intersection indices 



We shall see in the following paragraphs that the properties of the canonical 
Leray index enable us to show several properties of the Lagrangian and 
symplectic intersection indices. Indeed, we shall for instance see that these 
intersection indices are symplectic invariant. 

5.1 symplectic invar iance 

As we mentioned the results of the preceding section show that the La- 
grangian and symplectic intersection indices liu n \ and fi Sp , respectively, are 
symplectic invariants. In order to prove this fact we need first to show that 
the Leray index is invariant under the action of the universal covering space 
of the symplectic group the following 

Lemma 23 The Leray index is invariant under the action of the universal 
covering space Spoo(n) of Sp(n): 

Moo (^oo^l,oo > Sqo^2,oo) = Moo(^l,00> -^2,oo ) (42) 

for all (soo) 4,oo,4,oo ) G Sp^n) x A(n)oo x A(n)oo. 
Proof. Consider the mapping 

Moo ' (^1,001^2,00) 1 * Moo (^oo^l,oo , Sqo^2, 00) • 

Since r is invariant under the action of Sp{n) we have dfi'^ = r. Of course, 
the function /j,'^ is locally constant on A^ c (n; 0) and is therefore identical to 
Hoc in view of the uniqueness property (1) in Theorem [2T1 ■ 

Having shown this we may now state the following essential result. The 
invariance of the symplectic intersection indices will then follow from their 
definition. 

Theorem 24 The Lagrangian intersection indices are symplectic invari- 
ants, i.e., 

Hh(s\i2,sl) = n A (Xi2,t) for all s G Sp(n). (43) 

Proof. In view of Theorem [5] and using the fact that 

dirndl n s£ 2 ) = dim^i n £ 2 ) 

for all (s,4>4) £ Sp(n) x A(n) 2 it suffices to consider the case in which 
is the canonical intersection index Ma- for s £ Sp(n) we consider an 
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arbitrary symplectic path a G C(Sp(n)) joining the identity / of Sp(n) to s. 
We denote Sqo the homotopy equivalence class of that path, Soo £ Spoo(n). 
As in Theorem [T5l we denote by Aoi a path in A(n) joining £q to £1 and ^i )0O 
it homotopy class. ^2,00 is here the homotopy class of the path Aoi * A 12. 
Denoting by A an arbitrary path joining £ to £ in A(ro), and its homotopy 
class we find 



oc^2,oc 



class 



Soo^i.oo = class [t 1 — > a(t)X i(t), < t < 1] 

f <7(t)A i(t),0<t < I 
' ' I cr(2t - l)Ai 2 (2t - 1),0 < t < \ 

Soo^oo = class [t 1 — > a(t)X(t), < t < 1] . 
Thus, by (|24p in Theorem [15] we obtain 

Moo (^oo^2,oo) ^oo-^oo) Moo (^oo^l.oo j ^00^00) — /^A O^Ol : 



But the left-hand side of this equality is 

Moo (^2 ,001^00) Moo ,00 5 

by Lemma [23l which proves (|43p . ■ 



Ma (Aoi,^) 



5.2 The indices ^ on S^oo 

Theorem 1151 expresses every Lagrangian intersection index as the difference 
between two values of the Leray index on A oc (n). We will now show that 
there is a similar result for symplectic intersection indices. We begin by 
showing the following result (c/. [7]): 

Lemma 25 Let Soo € Spoo{n) and £^ € Aoo(n) ; with projection £ € A(n). 
The integer Jl 00 (s o£oo, £00) depends solely on (sooj^D; and not on the choice 
of the projection £ of £oo. Hence, there exists for every £ € A(n), a function 
Jx f : Spoo{n) — > Z such that 

M^l^oo) — Moo (^oo-^oo j -^oo) • 

Proof. Suppose that £oo and i'^ are two elements of A oc (n) having the 
same projection £ G A(n). There is then aieZ such that t'^ = (5 k £oo- (P 
being the generator of 7i"i(A(n)) whose natural image in Z is +1), and in 
view of (H]) we obtain 

Moo( s oo^oo) ^00) = Moo( s oo(/3 ^oo))/? ^00) 
= Moo(^(Soo^oo),/3^oo) 
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that is 

by the property (j4Tj) in Theorem [2"Pp of /i^. ■ 

We will call the index Jx^ the "Leray index on Sp^re)" relative to the 
Lagrangian I. We will consider in what follows Soo € Spoo(n) as the homo- 
topy class of a continuous path joining the identity I to an element s (the 
projection of Sqo) in Sp{n). 

Proposition 26 Let a 12 € C(Sp(n)) be a symplectic path joining si to S2 
in Sp{n). Let sx )00 be an arbitrary element of Spoo(n) covering s± and S2,oo 
the homotopy class of o 01 * ovi (Wl a representative of s\ j00 ). We have 

flSpi^^J) =M S 2,oo) -ftt(8 lt00 ). (44) 

Proof. Consider to be the homotopy class of an arbitrary path A joining 
£q (the base point of A(n)oo) to t. We have 

■si.oo^oo = class [t i — > (Toi(t)A(t), < t < 1] 

and 



^2,00^00 — class 
hence, by the formulae (|17p and (|24p one obtains 



i ' — ► o- i(2t)A(2t),0 < i < | 
i ' — ► o-i 2 (2t - l)A(2i - 1), | < t < 1 



/ASp(o"r2,f) = Mah(o"12^,^) 

— /^oo (^2,oo-^oo > ^oo) /^oo (^l,oo^oo j £00) 

that is (011). ■ 

The two important properties of fii ^ below are consequences of coho- 
mological property (|40p of the Leray index 



Proposition 27 We have 
(1) 

/^(si,ooS2,oo) = /^(Sl,oo) + ^(S2,oo) + r(^, SlS 2 f) (45) 

/or all (si j00 ,S2,oo 
(2) Let I and £' be two Lagrangian, then 

Msoo) - H< (*oo) = r(s£, £, £') - t(s£, s£', £') . (46) 
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Proof. (1) By the definition of fj,£ we see that 

^( s l,ooS2,oo) - M|(si,oo) - Af(s2,oo) = 

Moo (^l,00^2,OO^lX)) ^Oo) MoC ('''1 ,OC^OC ; ^OC ) Z^OO (^2,00^00 ) ^00) 

that is, using the S'p 00 (n)-invariance and the antisymmetry of p,^: 

) - M*0»l,oo) - M s 2,oo) = MooOl ,ooS2,oo^oo> ^oo) - ! - 

OO) Si OO^OO ,00^2,00-^00) ■Sl,oo^oo)- 

In view of the property (j4"0j) of /i^ we obtain 

^( s l,ooS2,oo) - /^(Sl.oo) - /^(>2,oo) = t(siS 2 A A S]£) 

= t(£, S\S 2 £). 

(2) By (fiO]) and the Spoo(n)-invariance of Jl^, 

MoO (^OO^-OO 5 ^Oo) MoO (^OO^OO ) ^00) MoO (^OO^OO 5 ^OO^Oo) t(s£, £,£ ^) 

as well as 

A*oo( s oo^oo! S oo^oo) ~~ /^oo( ,s oo^oo) ^00) ~l~ Moo( s oo^"oo' ^00) = T ( s ^i si , I ) 

gives us (|46h by substracting the first identity from the second. ■ 

Corollary 28 Given two arbitrary Lagrangians £ and £' we have 

j2 Sp (a 12 ,£)-fi Sp (a 12 ,£') = t(s 2 £,£,£')-t(s 2 £,s 2 £',£') (47) 

-(T( Sl £,£,£')-T( Sl £, Sl £',£ r )) 

where s± and s 2 are the endpoints of the path o\ 2 . 

Proof. Formula ()44j) yields 

fiSpi^i) -Ji Sp (o- 12 ,£') = 

M s 2,oo) ~ fie(si,oo) - (/^"( s 2,oo) - ^"( s l,oo)) 

hence (|4"7) . using ([4^1) . ■ 
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5.3 Dimensional additivity 

The canonical index p^ has the interesting "dimensional additivity" prop- 
erty, which is often included as an axiom for the intersection indices (c/. 

Let us introduces the following notations. Let n' and n" be two integers 
> and set n = n' + n". We denote by A(n') and A(n") (resp. Sp(n') 
and Sp(n")) the Lagrangian Grassmannians (resp. the symplectic groups) 
corresponding to the symplectic spaces (X' x X'*,u') and {X" x X"*,uj"). 
The direct sum 

A(n') A(n") = {£' © i" : £' G A(n'),£" G A(n")} 

is identified with a submanifold of A(n) and 

Sp(n') Sp(n") = {/©/:/£ ^p(n'), a" G Sp(n")} 

with a subgroup of Sp(n). By definition 

(«' e s")(^ © 2 ") = S V) © s "( z ")- ( 48 ) 

Denoting r' and t" the signatures of triples of elements of A(n') and A(n") 
we immediately verify that 

r(4 e 4 e 4', 4 e 4') = r'(/ l5 4 4) + t"(4', 4, 4). (49) 

In view of the identification of Aqo (n) with Woo (n) we may define 

4>©C = 

if /oo = { w 'i6') an d ^"00 = { w "^")- This defines an element of A(ro)oo since 
(w' © w", 9' + 0") G Woo(^)- 

The following result describes the relation between the Leray indices on 
the Maslov bundles Aoo(ra'), Aoo(^") and the Leray index on Aoo(n) 

Proposition 29 Letp'^ andp'^ be the Leray indices on A 00 (n / ) andA^n"), 
respectively. The relation between the Leray indices p'^ and p'^ and the 
Leray index p^ on Aqo(^) is given by 

Aoo (A,oo © ^l,oo> ^2,oo © ^2,oo) = fioo (A,oo5 ^2,oo) © A*oo (^l,oo > ^2,oo) • 

(50) 
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Proof. Let us begin by supposing that £[ ^ £' 2 ^ G A 00 (n / ) and f"^, £ 2 ^ G 
A 00 (n") are transversal: £' x nf 2 = and f/ n £' 2 = 0. Then f l oo © f/ ^' and 
4 00 © ^2 00 are a ^ so transversal: 

(£[ © //) n (4 © 4') = 

and one shows that 

Lo g ((™; © w'{) (w 2 © w'^y 1 ) = 

LogKK)" 1 ) © LogKK)- 1 ) 

under the identifications ^ = w[, £' 2 = w' 2 , etc. (see [E]). Formula ([50]) 
follows in the considered case. The general case can be reduced to the 
transversal case by using the definition ([39]) and the formula (jl9]) . ■ 
From this Proposition we immediately deduce that: 

Corollary 30 Let X' G C(A(n')) and X" G C(A(n")) 6e Lagrangian paths 
in A(ra') and A(n"). Then 

X' © A" G C(A(n') © A(n")) 
is identified to a Lagrangian path in A(n) and 

MA(A'eA'0 = /2 A 'M + /iA"(A'') 

where fi^i and Ji^i, are the canonical Lagrangian intersection indices on 
K(n') andk{n"). 

Proof. This is trivial by ([Ml) and ([50]). ■ 

The case of the symplectic intersection indices is deduced immediately, 
mutatis mutandis: 

Corollary 31 Let a' G C{Sp(n')) and a" G C(Sp(n")) be symplectic paths 
in Sp(n') and Sp(n") . Then 

a' © a" G C(Sp(n') © Sp{n")) 

is identified with a symplectic path in Sp and 

p, Sp (a' © a") = fisp>{o-') + As P »0") 

where p, Sp / and Jlgp" are the canonical symplectic intersection indices on 
Sp{n') and Sp(n"). 
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5.4 The "spectral flow" formula 

Let (A(t))o<t<i be a continuous family of real symmetric matrices of order 
n. We define the "spectral flow" of this continuous family by the formula 

SF(4(t))o< t <i = signal) - signA(O). (51) 

We have the following result, which has been established in a particular case 
by Duistermaat [13]. 

Proposition 32 ("Spectral flow formula") Let Xa be the Lagrangian 
path defined by 

X A (t) = {x@A(t)x ,xeX} (52) 
and a a be the symplectic path defined by 

aAit) = { A(t) i) 

forO<t<l. Then 

SF(A(t)) <t<i = Ma(Aa, X) = ]2 Sp (aA, X) (53) 

where signA(t) is the difference between the number of eigenvalues A > 
and the number of eigenvalues < of A(t) . 

Proof. We begin by showing the formula fj53j) . The second one follows 
immediately since 

( A(t) I ) ( ) = ( A(t)x ) • 

Note that dim(X A (t) f] X*) = n for < t < 1, hence 

fL A (X A ,X*) = (54) 

in view of the axiom (L3) which ensures nullity in the strata. In view of 
formula (|25p in Proposition [16] and the antisymmetry of the signature we 
have 

fi A (X A , X) = J1 a (Xa, X) - fi A (X A , X*) 
= fn&x(\ A (l),X, X*) - sign(A A (0), X, X*) 
= signpr,A A (l),X)-sign(X*,A A (0),X). 
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Since sign = r we have 



fl A (X A , X) = t(X\X a (0),X) - t(X*, X A (l),X) 

and hence 

fL A (X A ,X) = signA(l) - signA(O) 

in view of property (|35p of r in Proposition [19j ■ 

This result is evidently rather trivial in the sense that the spectral flow 
(f5"Tj) depends only on the extreme values A(l) and A(0). The situation is 
however far more complicated in the case of infinite dimensional symplectic 
spaces and requires elaborated functional analytical techniques (see [3]). 

6 Comparative study of some other indices 
6.1 The Robbin-Salamon-McDuff index 

In [23] (see also [22]) Robbin and Salamon have constructed, using differen- 
tial geometrical methods, a mapping 

H RS : C(A(n)) x £ — > \Z 

which they call "Maslov index". They show that their index possesses the 
four properties which follow: 

RSi // A and X' have same endpoints, then fj, RS (X,£) = ij, rs (X',£) if and 
only if A ~ A 

RS 2 fj, RS (X * X',£) = n RS (X, £) + [J, RS (X',£). 

RS 3 I/ImAc Ag(n;k) then fi RS (X,£) = 0. 

RS4 If 7 is a loop in A(n) then [i RS {"{,£) = 771(7). 

RS5 // Xa is a Lagrangian path < f5ljj . then 

fi RS (X A ,X) = \ sign A(l) - \ sign A(0). (55) 

In fact, there is a simple relation between the indices (i RS and £i A , namely 
Proposition 33 the index /i RS of Robbin- Salamon is given by 

^ RS {\£) = \fi k {X,£) 
where Ji A is the canonical intersection index. 
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Proof. The mapping 2[i RS satisfies the axioms (L1-L4) of a Lagrangian 

intersection index. Therefore, there must exist an index fi^ such that /i A = 
2(j, RS . By Theorem [5] we have thus 

2 f i RS (X, i) = /2 A (A, I) + /(dim(A(0) n I)) - /(dim(A(l) n £)). 

for some function /. Taking for A the path Xa and t = X we have, in view 
of the formulae (|53|) and ([55]) : 

sign A(l) - sign J 4(0) = signal) - sign J 4(0)+ 

/(dim(A A (0) n X)) - /(dim(A A (l) D X)). 

In view of the equality 

dim(X A (t) C\X) = corang A(t) 

this is equivalent to 

/(corang A(0)) = /(corang ^4(1)) 

for all A, Hence / = since corang A (t) can take arbitrary values. ■ 

Remark 34 Robbin and Salamon use in [23] differentiability "properties of 
Lagrangian paths to construct their index. Furthermore, they invoke deep 
functional analytical properties (Koto's theorem concerning the selection of 
eigenvalues of a path of symmetric matrices). 

6.2 The Hormander index 

In the frame of his studies of pseudo-differential operators, introduces in [TS] 
a mapping 

i :A(n) 4 3 (h,£ 2 ,h,h) — 4) £ \t . 

Robbin and Salamon show that the Hormander index is related to their 
index \x RS by the formula 

C(hj2,h,h) = /WW 2 )-^ s (Wi) (56) 

where A34 is an arbitrary Lagrangian path A(n) joining £3 to ^4. 
Proposition 35 The Hormander index £ is given by 

Z(li,l2,i3,li) =\ir{i x ,t 2 ,h) -r(h, £ 2 , U)) (57) 
where r is the Demazure-Kashiwara cocycle. 
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Proof. In view of Proposition [33] and of (|56p we have 

By the formula ()25[) in Proposition [16] this is 

Wl,h,h,U) = i(sign(* 4 ,£ 2 ,£i) -sign(£ 3 ,^i)) 
and hence (|57p . since sign = r and the antisymmetry of r. ■ 
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